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Abstract
It is shown that the molecular Aharonov-Bohm effect is neither nonlocal
nor topological in the sense of the standard magnetic Aharonov-Bohm effect.
It is further argued that there is a close relationship between the molecu-
lar Aharonov-Bohm effect and the Aharonov-Casher effect for an electrically
neutral spin−12 particle encircling a line of charge.
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In the standard magnetic Aharonov-Bohm (AB) eect [1], a charged particle exhibits a
testable phase shift when encircling a line of magnetic flux. The AB eect is nonlocal as it
may happen although the particle experiences no physical eld and no exchange of physical
quantity takes place along the particle’s path. It is topological as it requires the particle to
be conned to a multiply connected region and as any assignment of phase shift along the
particle’s path is necessarily gauge dependent and thus neither objective nor experimentally
testable.
In the molecular Aharonov-Bohm (MAB) eect [2], the nuclear motion exhibits a mea-
surable eect under adiabatic transport around a conical intersection. A condition for this
eect to occur is the accumulation along the nuclear path of a nontrivial Berry phase [3]
acquired by the corresponding electronic motion. This additional requirement makes MAB
special and its physical nature potentially dierent from that of the standard AB eect.
To delineate this dierence is the major aim of this Letter. We demonstrate that although
MAB requires the nuclear motion to be conned to a multiply connected region, it fails to
obey the remaining criteria for a nonlocal and topological eect. Thus, it follows from our
analysis that MAB should neither be regarded as topological nor as nonlocal in the sense of
the standard AB eect. Instead, MAB displays an adiabatically averaged autocorrelation
among the electronic variables, which in the two-level case resembles that of the local torque
on a spin−1
2
moving in a locally gauge invariant electric eld. Furthermore, it is possible to
relate the MAB eect to the noncyclic Berry phase [4] acquired by the electronic variables,
which is a locally gauge invariant quantity that could be tested in polarimetry [4] or in
interferometry [5]. It should be noted that an argumentation similar to that of this Letter has
been put forward in the context of force free electromagnetic eects in neutron interferometry
[6].
We consider the well studied E ⊗  Jahn-Teller model, in which the symmetry induced
degeneracy of two electronic states is lifted by their interaction with a doubly degener-














cos(2)x + (−1)2ξ+1 sin(2)y
]
; (1)
where (r; ) are polar coordinates of the vibrational mode, (pr; pθ) the corresponding canon-
ical momenta, k is the vibronic coupling strength,  = 1
2
; 1; ::: describes the order of the
eect, and we have neglected spin-orbit coupling. The linear E ⊗  model is characterized
by  = 1
2
, while in the quadratic model we have  = 1. The electronic degrees of freedom
are described by Pauli operators dened in terms of the diabatic electronic states j0i and
j1i as x = j0ih1j+ j1ih0j, y = −ij0ih1j+ ij1ih0j, and x = j0ih0j − j1ih1j. The electronic
potential energies associated with H are E(r) = 12r
2  kr + 1=(8r2), which, by omitting
the divergent Born-Huang term 1=(8r2), conically intersect at the origin r = 0.
The Born-Oppenheimer regime is attained when the electronic potential energies E are
well separated. Explicitly one may take this to mean that E+−E− is large at the minimum
of E−. For large separation the Born-Huang term 1=(8r2) is negligible so that E− has its
minimum approximately at r = k yielding the Born-Oppenheimer condition 2k2  1. In
this regime the nuclear motion may take place on one of the electronic potential energy
surfaces, accompanied by an additional eective vector potential.
Similarly, adiabatic motion of the electronic variables occurs when [10] jh−j _Hej+ij 
(E+ − E−)2, where the nuclear degrees of freedom are treated as time-dependent classical
variables. Here, the operator He = kr[cos(2)x +sin(2)y] is the electronic Hamiltonian
with instantaneous eigenstates ji corresponding to the electronic potential energies E, and
we have put h = 1. At the minimum of E− the adiabaticity condition becomes j _j  2k2,
where we again have neglected the Born-Huang term 1=(8r2).
In the Born-Oppenheimer regime consider the nuclear motion on the lowest electronic
potential energy surface, as described by the eective Hamiltonian









with j−i single-valued around the conical intersection at the origin. Here, eθ=r is the MAB
















which for the linear case  = 1
2
corresponds to a nontrivial sign change for a closed loop
only if it encircles the conical intersection. This sign change has measurable consequences
as it restores the original molecular symmetry of the vibronic ground state [11] and as it
shifts the spectrum of the quantized nuclear pseudorotation [12]. On the other hand, in
the quadratic case  = 1, the phase factor in Eq. (3) for a closed loop around the conical
intersection is +1 and the MAB vector potential does not have any observable consequences
on the nuclear motion.
The electronic Born-Oppenheimer states are eigenstates of x()  cos(2)x +
sin(2)y. It is therefore perhaps tempting to replace the electronic motion by the appro-
priate eigenvalue of x() in the Born-Oppenheimer regime so that the electronic variables
can be ignored, creating an illusion that the nontrivial eect of the MAB vector potential
on the nuclear motion in the  = 1
2
case is nonlocal and topological in the sense of the
standard AB eect. However, the electronic variables are dynamical and do not commute
among themselves. In particular, although the expectation values of the remaining mutu-
ally complementary electronic observables y()  − sin(2)x +cos(2)y and z()  z
vanish in the Born-Oppenheimer limit, their fluctuations do not. As the molecule is ideally a
closed physical system, its total energy is conserved so that equal and opposite fluctuations
must be exchanged locally with the internal electromagnetic eld of the molecule during the
nuclear pseudorotation.
To take the argumentation against the nonlocal and topological nature of MAB a step
further, let us consider the electronic motion in the adiabatic picture, in which the nuclear
degrees of freedom are treated as time-dependent classical variables. First, we note that the
motion of (t) depends among other things on the motion of the electronic variables. Thus,
to distinguish the vibronic coupling eect from that associated with the dynamics of the
nuclei, it turns out to be useful to transform the electronic variables to an internal molecular
frame in which the pseudorotational angular velocity _ vanishes. In this frame the electronic
4
Hamiltonian reads
H 0e = U
yHeU + i _U yU = k2x −  _z; (4)
where U = exp[−i(t)z ] is the unitary spin rotation operator and we have put r = k.
Using H 0e we obtain the electronic equations of motion
_x = 2 _y;
_y = −2 _x − 2k2z;
_z = 2k
2y; (5)
where j _j  2k2 in the adiabatic limit. It follows that the electronic Hamiltonian H 0e
describes the local torque due to an eective magnetic eld B = (2k2; 0;−2 _) seen by the
electronic variables in the rotating frame. The large static x component of B depends only
on the vibronic coupling parameter k and is irrelevant to MAB. On the other hand, the
small z component corresponds exactly to the MAB eect and gives rise to a σ  (v  E)
term in the Hamiltonian as seen by a spin in its rest frame when it moves in the r − 
plane exposed to the eective electric eld E = (=r)er. This eective E eld coincides
with that of a charged line in the z direction sitting at the conical intersection and with
 being proportional to the charge per unit length. Thus, the term responsible for MAB
resembles exactly that of the Aharonov-Casher (AC) eect [13] for an electrically neutral
spin−1
2
particle encircling a line of charge.
Interpreting the phase shift in Eq. (3) as an AC eect suggests that MAB is essentially
neither nonlocal nor topological as it depends on an integral whose integrand is proportional
to the locally gauge invariant eective E eld and does not depend on any physical quantity
outside the nuclear path. As has been demonstrated in Ref. [6] in the context of force free
electromagnetic eects for neutrons, the local nature of MAB may be further elucidated by
considering the relative change of the initial and instantaneous electronic variables being
represented by the vector operators σ(0) and σ(t), respectively. The starting point for such














x(0)y(t)− y(0)x(t) + h.c.
]
(6)
that measure the correlation between the x−y projections of σ(0) and σ(t). These operators
are Hermitian and thus measurable in principle. Their equations of motion read
_C = 2 _ S −  _ sin(2k2t);





where we have used Eq. (5). These equations are characterized by two time scales: the fast
electronic oscillations and the slow nuclear pseudorotation, with frequencies 2k2 and 2 _,
respectively. Thus, we may simplify Eq. (7) by adiabatic averaging [14] over one period of
the fast motion yielding
_C = 2 _ S;
_S = −2 _ C +  _; (8)










sin[2( − 0)]: (9)
This shows that the relative angle ’ = 2(− 0) between the two x− y projections of σ(0)
and σ(t) is changed by the action of the local torque. ’ is precisely twice the MAB phase
in Eq. (3), where the factor 2 is the usual rotation factor for spin−1
2
. Thus, MAB may be
described in terms of the relative angle between the x−y projections of σ(0) and σ(t). The
change of this angle is due to the torque on the electronic variables and shows that MAB is
essentially a local eect.
There is an objective way to relate the phase shift in Eq. (3) locally along the nuclear
path using the noncyclic Berry phase γg of the (lowest) electronic Born-Oppenheimer state
vector
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Here, we assume  to be dierentiable but otherwise arbitrary. The noncyclic Berry phase
is dened by removing the accumulation of local phase changes from the total phase and is
testable in polarimetry [4] or in interferometry [5]. We obtain for j − ()i [4]





j − (0)id0 = arg cos[( − 0)]: (11)
Clearly, γg is locally gauge invariant as it is independent of . It corresponds to a phase
jump of  at  − 0 = =(2), where the overlap h−(0)j − ()i vanishes. In the quadratic
E   Jahn-Teller case where  = 1, a closed loop around the conical intersection contains
two  phase jumps, thus explaining the +1 MAB phase factor. On the other hand, in the
linear case where  = 1
2
, there is only a single  jump creating a physically nontrivial sign
change for such a loop. Thus, both the absence in the quadratic case and the presence in
the linear case of a nontrivial MAB eect could be explained locally as they both require
the existence of points along the nuclear path where the electronic states at 0 and  become
orthogonal. This local assignment of electronic phase shift is gauge invariant at each point
along the nuclear path and thus experimentally testable in principle. It shows that MAB is
essentially not a topological eect.
In conclusion, we have shown in the case of the E⊗ Jahn-Teller model that the molecular
Aharonov-Bohm (MAB) eect is neither nonlocal nor topological in the sense of the standard
magnetic Aharonov-Bohm eect. Locality is preserved as MAB can be explained as a local
torque on the electronic variables that accumulates along the path of the nuclei around
the conical intersection. It is not topological as it may be described in terms of a gauge
invariant eective electric eld and as there is an objective way to relate the phase shift
locally along the nuclear path via the noncyclic Berry phase. We remark that the present
analysis also apply to other molecular systems that exhibit conical intersections, as well as
to the microwave resonator experiments recently discussed in the literature [15].
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